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Abstract. Let A and B be almost commuting (i.e, AB−BA ∈ S1) self-adjoint operators. We construct a functional
calculus ϕ 7→ ϕ(A,B) for ϕ in the Besov class B1
∞,1
(R2). This functional calculus is linear, the operators ϕ(A,B) and
ψ(A,B) almost commute for ϕ, ψ ∈ B1
∞,1
(R2), ϕ(A,B) = u(A)v(B) whenever ϕ(s, t) = u(s)v(t), and the Helton–Howe
trace formula holds. The main tool is triple operator integrals.
Fonctions presque commutant d’ope´rateurs auto-adjoints presque commutant
Re´sume´. On dit que des ope´rateurs A et B presque commutent si leur commutateur [A,B] appartient a` classe trace.
Pour des ope´rateurs A et B auto-adjoints qui presque commutent nous construisons un calcul fonctionnel ϕ 7→ ϕ(A,B),
ϕ ∈ B1
∞,1
(R2), ou` B1
∞,1
(R2) est la classe de Besov. Ce calcul a des proprie´te´s suivantes: il est line´aire, les ope´rateurs
ϕ(A,B) et ψ(A,B) presque commutent pour toutes les fonctions ϕ et ψ dans B1
∞,1
(R2), ϕ(A,B) = u(A)v(B) si ϕ(s, t) =
u(s)v(t), et la formule des traces de Helton et Howe est vraie. L’outil principal est les inte´grales triples ope´ratorielles.
Version franc¸aise abre´ge´e
Soient A et B des ope´rateurs auto-adjoints qui presque commutent, c’est-a`-dire leur commutateur
[A,B]
def
= AB −BA appartient a` classe trace S1. Dans [HH] on a obtenu la formule suivante:
trace
(
i
(
ϕ(A,B)ψ(A,B) − ψ(A,B)ϕ(A,B)
))
=
∫∫
R2
(
∂ϕ
∂x
∂ψ
∂y
−
∂ϕ
∂y
∂ψ
∂x
)
dP
pour tous les polynoˆmes ϕ et ψ de deux variables, ou` P est une mesure signe´e boreliienne a` support
compact. Il s’est trouve´ que la mesure P est absolument continue et
dP (x, y) =
1
2π
g(x, y) dx dy,
ou` g est la fonction principale de Pincus (voir la partie anglaise pour plus d’informations).
Le calcul polynomial ϕ 7→ ϕ(A,B) e´tait e´tendu dans [CP] et [Pe4]. Dans [Pe4] on a construit le
calcul fonctionnel ϕ 7→ ϕ(A,B) pour ϕ appartenant a` l’intersection des produit tensoriels projectifs
C
def
=
(
L∞(R)⊗ˆB1∞,1(R)
)⋂ (
B1∞,1(R)⊗ˆL
∞(R)
)
. Ce calcul est linear, les ope´rateurs ϕ(A,B) et ψ(A,B)
presque commute pour ϕ, ψ ∈ C. En outre si ϕ(s, t) = u(s)v(t), alors ϕ(A,B) = u(A)v(B). Finalement,
la formule de Helton et Howe si-dessus est vrai pour ϕ et ψ dans C.
Il e´tait aussi de´montre´ dans [Pe4] que c’est impossible de construire un calcul fonctionnel ϕ 7→ ϕ(A,B)
pour toutes les fonctions ϕ continument de´rivables qui ait les proprie´te´s si-dessus.
Le but de cette note est d’ame´liorer les re´sultats de [Pe4].
Pour une fonction ϕ dans la classe de Besov B1∞,1(R
2) nous de´finissons l’ope´rateur ϕ(A,B) comme
c¸a:
ϕ(A,B) =
∫∫
f(x, y) dEA(x) dEB(y),
ou` EA et EB sont les mesures spe´ctrales des ope´rateurs A et B. La the´orie d’inte´grales doubles
ope´ratorielles e´tait de´veloppe´e par Birman et Solomyak [BS] (voir aussi [Pe2] et [AP]).
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Le re´sultat principal de cette note est base´ sur la formule suivante:
[
ϕ(A,B), Q
]
=
∫∫∫
ϕ(x, y1)− ϕ(x, y2)
y1 − y2
dEA(x) dEB(y1)[B,Q] dEB(y2)
+
∫∫∫
ϕ(x1, y)− ϕ(x2, y)
x1 − x2
dEA(x1)[A,Q] dEA(x2) dEB(y), (1)
ou` ϕ ∈ B1∞,1(R
2) et A et B sont des ope´rateurs auto-adjoints pour lesquels les commutateurs [A,Q] et
[B,Q] appartiennent a` S1.
Les inte´grales triples ope´ratorielles∫∫∫
Φ(x1, x2, x3) dE1(x1)T dE2(x2)RdE3(x3) (2)
e´taint de´finies dans [Pe6] pour les fonctions Φ dans le produit tensoriel projectif inte´gral; ici T et R sont
des ope´rateurs borne´s et E1, E2, E3 sont des mesures spe´ctrales. Puis dans [JTT] les inte´grales triples
ope´ratorielles e´taint de´finies pour les fonctions qui appartiennent au produit tensoriel de Haagerup
L∞(E1) ⊗hL
∞(E2) ⊗hL
∞(E2) (voir [Pis]). Il e´tait e´tabli dans [ANP] que les conditions T ∈ S1 ou
R ∈ S1 et Φ ∈ L
∞(E1)⊗hL
∞(E2)⊗hL
∞(E2) n’impliquent pas que l’ope´rateur (2) appartienne a` classe
trace.
On a de´fini dans [ANP] les produit tensoriels du type de Haagerup L∞(E1) ⊗hL
∞(E2) ⊗
hL∞(E3)
et L∞(E1)⊗
hL∞(E2) ⊗hL
∞(E3) (voir la partie anglaise). On a de´montre´ dans [ANP] que si T ∈ S1,
R est un ope´rateur borne´ et Φ ∈ L∞(E1)⊗hL
∞(E2)⊗
hL∞(E3), alors l’ope´rateur (2) appartient a` S1.
De meˆme, si R ∈ S1, T est un ope´rateur borne´ et Φ ∈ L
∞(E1)⊗
hL∞(E2)⊗hL
∞(E3), alors l’ope´rateur
(2) appartient a` S1.
Si ϕ ∈ B1∞,1(R
2), alors la fonction (x1, x2, y) 7→
(
ϕ(x1, y)−ϕ(x2, y)
)
(x1−x2)
−1 appartient a` l’espace
L∞(EA)⊗hL
∞(EA)⊗
hL∞(EB) et la fonction (x, y1, y2) 7→
(
ϕ(x, y1)−ϕ(x, y2)
)
(y1 − y2)
−1 appartient
a` L∞(EA) ⊗hL
∞(EB) ⊗
hL∞(EB), voir [ANP]. Donc les inte´grales dans (3.1) sont bien de´finis est
appartiennent a` S1.
La formule (3.1) implique que si ϕ et ψ appartiennent a` B1∞,1(R
2) et A et B sont des ope´rateurs
auto-adjoints qui presque commutent, alors
[
ϕ(A,B), ψ(A,B)
]
=
∫∫∫
ϕ(x, y1)− ϕ(x, y2)
y1 − y2
dEA(x) dEB(y1)[B,ψ(A,B)] dEB(y2)
+
∫∫∫
ϕ(x1, y)− ϕ(x2, y)
x1 − x2
dEA(x1)[A,ψ(A,B)] dEA(x2) dEB(y)
et ∥∥[ϕ(A,B), ψ(A,B)]∥∥
S1
≤ const ‖ϕ‖B1
∞,1
(R2)‖ψ‖B1
∞,1
(R2)
∥∥[A,B]∥∥
S1
.
C¸a implique que la formule des traces de Helton et Howe est vrai pour toutes les fonctions ϕ et ψ
dans B1∞,1(R
2).
——————————
1. Introduction
The spectral theorem allows one for a pair of commuting (bounded) self-adjoint operators A and B
to construct a linear and multiplicative functional calculus
ϕ 7→ ϕ(A,B) =
∫
R2
ϕ(x, y) dEA,B(x, y)
for the class of bounded Borel functions on the plane R2. Here EA,B is the joint spectral measure of
the pair(A,B) defined on the Borel subsets of R2.
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If A and B are noncommuting self-adjoint operators, we can define functions of A and B in terms of
double operator integrals
ϕ(A,B)
def
=
∫∫
R2
ϕ(x, y) dEA(x) dEB(y) (3)
for functions ϕ that are Schur multipliers with respect to the spectral measure EA and EB of the
operators A and B. The theory of double operator integrals was developed by Birman and Solomyak
[BS] (we also refer the reader to [Pe2] and [AP] for double operator integrals and Schur multipliers). It
was observed in [ANP] the Besov space B1∞,1(R
2) of functions on R2 is contained in the space of Schur
multipliers with respect to compactly supported spectral measures on R, and so for ϕ ∈ B1∞,1(R
2), the
operator ϕ(A,B) is well defined by (3) for bounded self-adjoint operators A and B (see [Pee] for the
definition and properties of Besov classes).
In this paper we deal with almost commuting self-adjoint operators. Self-adjoint operators A and B
are called almost commuting if their commutator [A,B]
def
= AB −BA belongs to trace class.
In [HH] the following trace formula was obtained for bounded almost commuting self-adjoint opera-
tors A and B:
trace
(
i
(
ϕ(A,B)ψ(A,B) − ψ(A,B)ϕ(A,B)
))
=
∫∫
R2
(
∂ϕ
∂x
∂ψ
∂y
−
∂ϕ
∂y
∂ψ
∂x
)
dP, (4)
where P is a signed Borel compactly supported measure that corresponds to the pair (A,B). The
formula holds for polynomials ϕ and ψ.
It was shown in [Pin2] that the signed measure P is absolutely continuous with respect to planar
Lebesgue measure and
dP (x, y) =
1
2π
g(x, y) dx dy,
where g is the Pincus principal function, which was introduced in [Pin1].
In [CP] the polynomial functional calculus for almost commuting self-adjoint operators was extended
to a functional calculus for the class of functions ϕ = Fω that are Fourier transforms of complex Borel
measures ω on R2 satisfying ∫
R2
(1 + |t|)(1 + |s|) d|ω|(s, t) <∞,
and the Helton–Howe trace formula (4) was extended to the class of such functions.
The problem of constructing a rich functional calculus, which would extend the functional calculus
constructed in [CP] and for which trace formula (4) would still hold was considered in [Pe4]. The
problem was to find a big class of functions C on R2 and construct a functional calculus ϕ 7→ ϕ(A,B),
ϕ ∈ C, that has the following properties:
(i) the functional calculus ϕ 7→ ϕ(A,B), ϕ ∈ C, is linear;
(ii) if ϕ(s, t) = u(s)v(t), then ϕ(A,B) = u(A)v(B);
(iii) if ϕ, ψ ∈ C, then ϕ(A,B)ψ(A,B) − ψ(A,B)ϕ(A,B) ∈ S1;
(iv) formula (4) holds for arbitrary ϕ and ψ in C.
Note that the right-hand side of (4) makes sense for arbitrary Lipschitz functions ϕ and ψ. However,
it was established in [Pe4] that a functional calculus satisfying (i) - (iii) cannot be defined for all con-
tinuously differentiable functions. This was deduced from the trace class criterion for Hankel operators
(see [Pe1] and [Pe5]).
On the other hand, in [Pe4] estimates of [Pe2] and [Pe3] were used to construct a functional calculus
satisfying (i) - (iv) for the class C =
(
L∞(R)⊗ˆB1∞,1(R)
)⋂ (
B1∞,1(R)⊗ˆL
∞(R)
)
. Here ⊗ˆ stands for
projective tensor product and B1∞,1(R) is a Besov class.
In this paper we considerably enlarge the class of functions
(
L∞(R)⊗ˆB1∞,1(R)
)⋂ (
B1∞,1(R)⊗ˆL
∞(R)
)
and construct a functional calculus satisfying (i) - (iv) for the Besov class B1∞,1(R
2) of functions of two
variables.
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2. Triple operator integrals
Triple operator integrals∫∫∫
Φ(x1, x2, x3) dE1(x1)T dE2(x2)RdE3(x3) (5)
were defined in [Pe6] for spectral measures E1, E2, E3, bounded linear operators T and R, and for
functions Φ in the integral projective tensor product L∞(E1)⊗ˆiL
∞(E2)⊗ˆiL
∞(E3).
Later the definition of triple operator integrals was extended in [JTT] to the class of functions Φ in the
Haagerup tensor product L∞(E1)⊗hL
∞(E2)⊗hL
∞(E3) (see [Pis] for imformation about Haagerup tensor
products). However, it was shown in [ANP] that unlike in the case Φ ∈ L∞(E1)⊗ˆiL
∞(E2)⊗ˆiL
∞(E3),
the condition that Φ belongs to L∞(E1) ⊗hL
∞(E2) ⊗hL
∞(E3) does not guarantee that if one of the
operators T and R is of trace class, then the triple operator integral (5) belongs to S1.
In [ANP] the following Haagerup-like tensor products were introduced:
Definition. A function Ψ is said to belong to the tensor product L∞(E1) ⊗hL
∞(E2) ⊗
hL∞(E3) if
it admits a representation
Ψ(x1, x2, x3) =
∑
j,k≥0
αj(x1)βk(x2)γjk(x3) (6)
with {αj}j≥0, {βk}k≥0 ∈ L
∞(ℓ2) and {γjk}j,k≥0 ∈ L
∞(B), where B is the space of bounded operators
on ℓ2.
For a bounded linear operator R and for a trace class operator T , the triple operator integral
W =
∫∫∫
Ψ(x1, x2, x3) dE1(x1)T dE2(x2)RdE3(x3)
was defined in [ANP] as the following continuous linear functional on the class of compact operators:
Q 7→ trace
((∫∫∫
Ψ(x1, x2, x3) dE2(x2)RdE3(x3)QdE1(x1)
)
T
)
(7)
and it was shown that
‖W‖S1 ≤ ‖Ψ‖L∞⊗hL∞⊗hL∞‖T ‖S1‖R‖,
where ‖Ψ‖L∞⊗hL∞⊗hL∞ is the infimum of ‖{αj}j≥0‖L∞(ℓ2)‖{βk}k≥0‖L∞(ℓ2)‖{γjk}j,k≥0‖L∞(B) over all
representations in (6).
Similarly, the tensor product L∞(E1) ⊗
hL∞(E2) ⊗hL
∞(E3) was defined in [ANP] as the class of
functions Ψ of the form
Ψ(x1, x2, x3) =
∑
j,k≥0
αjk(x1)βj(x2)γk(x3)
where {βj}j≥0, {γk}k≥0 ∈ L
∞(ℓ2), {αjk}j,k≥0 ∈ L
∞(B). If T is a bounded linear operator, and R ∈ S1,
then the continuous linear functional
Q 7→ trace
((∫∫∫
Ψ(x1, x2, x3) dE3(x3)QdE1(x1)T dE2(x2)
)
R
)
on the class of compact operators determines a trace class operator
W
def
=
∫∫∫
Ψ(x1, x2, x3) dE1(x1)T dE2(x2)RdE3(x3)
and
‖W‖S1 ≤ ‖Ψ‖L∞⊗hL∞⊗hL∞‖T ‖ · ‖R‖S1 .
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3. Commutators of functions of almost commuting self-adjoint operators
Given a differentiable function ϕ on R2, we define the divided differences D1f and D2f on R
3 by
(D1ϕ)(x1, x2, y)
def
=
ϕ(x1, y)− ϕ(x2, y)
x1 − x2
and (D2ϕ)(x, y1, y2) =
ϕ(x, y1)− ϕ(x, y2)
y1 − y2
.
It was shown in [ANP] that if ϕ is a bounded function on R2 whose Fourier transform is supported in
the ball {ξ ∈ R2 : ‖ξ‖ ≤ 1}, then
(D1ϕ)(x1, x2, y) =
∑
j,k∈Z
sin(x1 − jπ)
x1 − jπ
·
sin(x2 − kπ)
x2 − kπ
·
ϕ(jπ, y)− ϕ(kπ, y)
jπ − kπ
.
∑
j∈Z
sin2(x1 − jπ)
(x1 − jπ)2
=
∑
k∈Z
sin2(x2 − kπ)
(x2 − kπ)2
= 1, x1 x2 ∈ R,
and
sup
y∈R
∥∥∥∥∥
{
ϕ(jπ, y)− ϕ(kπ, y)
jπ − kπ
}
j,k∈Z
∥∥∥∥∥
B
≤ const ‖f‖L∞(R).
It follows that for ϕ ∈ B1∞,1(R
2),
D1ϕ ∈ L
∞(R)⊗hL
∞(R)⊗hL∞(R) and ‖ϕ‖L∞(R)⊗hL∞(R)⊗hL∞(R) ≤ const ‖ϕ‖B1
∞,1
.
Similarly, for ϕ ∈ B1∞,1(R
2),
D2ϕ ∈ L
∞(R)⊗hL∞(R)⊗hL
∞(R) and ‖ϕ‖L∞(R)⊗hL∞(R)⊗hL∞(R) ≤ const ‖ϕ‖B1
∞,1
.
Theorem 3.1. Let A and B be self-adjoint operators and let Q be a bounded linear operator such
that [A,Q] ∈ S1 and [B,Q] ∈ S1. Suppose that ϕ ∈ B
1
∞,1(R
2). Then [ϕ(A,B), Q
]
∈ S1,
[
ϕ(A,B), Q
]
=
∫∫∫
ϕ(x, y1)− ϕ(x, y2)
y1 − y2
dEA(x) dEB(y1)[B,Q] dEB(y2)
+
∫∫∫
ϕ(x1, y)− ϕ(x2, y)
x1 − x2
dEA(x1)[A,Q] dEA(x2) dEB(y) (8)
and ∥∥[ϕ(A,B), Q]∥∥
S1
≤ const ‖ϕ‖B1
∞,1
(R2)
(∥∥[A,Q]∥∥
S1
+
∥∥[B,Q]∥∥
S1
)
.
To obtain the main result of the paper, we apply Theorem 3.1 in the case Q = ψ(A,B), where
ψ ∈ B1∞,1(R
2).
Theorem 3.2. Let A and B be almost commuting self-adjoint operators and let ϕ and ψ be functions
in the Besov class B1∞,1(R
2). Then
[
ϕ(A,B), ψ(A,B)
]
=
∫∫∫
ϕ(x, y1)− ϕ(x, y2)
y1 − y2
dEA(x) dEB(y1)[B,ψ(A,B)] dEB(y2)
+
∫∫∫
ϕ(x1, y)− ϕ(x2, y)
x1 − x2
dEA(x1)[A,ψ(A,B)] dEA(x2) dEB(y) (9)
and ∥∥[ϕ(A,B), ψ(A,B)]∥∥
S1
≤ const ‖ϕ‖B1
∞,1
(R2)‖ψ‖B1
∞,1
(R2)
∥∥[A,B]∥∥
S1
. (10)
Note that the right-hand side of inequality (10) does not involve the norms of A or B. Thus for-
mulae (8) and (9) allow us to consider commutators
[
f(A,B), g(A,B)
]
even for unbounded self-adjoint
operators A and B with trace class commutator [A,B], though the the functions f(A,B) and g(A,B)
of A and B are not necessarily defined for f and g in B1∞,1(R
2).
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Let us also mention that in [Pe4] it was proved that for almost commuting self-adjoint operators A
and B, the functional calculus ϕ 7→ ϕ(A,B), ϕ ∈
(
L∞(R)⊗ˆB1∞,1(R)
)⋂ (
B1∞,1(R)⊗ˆL
∞(R)
)
, is almost
multiplicative, i.e.,
(ϕψ)(A,B) − ϕ(A,B)ψ(A,B) ∈ S1, ϕ, ψ ∈
(
L∞(R)⊗ˆB1∞,1(R)
)⋂(
B1∞,1(R)⊗ˆL
∞(R)
)
.
It would be interesting to find out whether the functional calculus ϕ 7→ ϕ(A,B), ϕ ∈ B1∞,1(R
2)
⋂
L∞(R2),
is also almost multiplicative.
4. An extension of the Helton–Howe trace formula
In this section we use the results of the previous section to extend the Helton–Howe trace formula.
Theorem 4.1. Let A and B be almost commuting self-adjoint operators and let ϕ and ψ be functions
in the Besov class B1∞,1(R
2). Then the following formula holds:
trace
(
i
(
ϕ(A,B)ψ(A,B) − ψ(A,B)ϕ(A,B)
))
=
1
2π
∫∫
R2
(
∂ϕ
∂x
∂ψ
∂y
−
∂ϕ
∂y
∂ψ
∂x
)
g(x, y) dx dy, (11)
where g is the Pincus principal function associated with the operators A and B.
It would be interesting to extend the Pincus principal function to the case of unbounded self-adjoint
operators with trace class commutators and extend formula (11) to unbounded almost commuting
operators.
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